LIMITING DISTRIBUTIONS OF CURVES UNDER 
GEODESIC FLOW ON HYPERBOLIC MANIFOLDS 
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Abstract. We consider the evolution of a compact segment of 
an analytic curve on the unit tangent bundle of a finite volume 
hyperbolic n-manifold under the geodesic flow. Suppose that the 
curve is not contained in a stable leaf of the flow. It is shown 
that under the geodesic flow, the normalized parameter measure 
on the curve gets asymptotically equidistributed with respect to 
the normalized natural Riemannian measure on the unit tangent 
bundle of a closed totally geodesically immersed submanifold. 

Moreover, if this immersed submanifold is a proper subset, then 
a lift of the curve to the universal covering space (H") is mapped 
into a proper subsphere of the ideal boundary sphere DM" under 
the visual map. This proper subsphere can be realized as the ideal 
boundary of an isometrically embedded hyperbolic subspace in H" 
covering the closed immersed submanifold. 

In particular, if the visual map does not send a lift of the curve 
into a proper subsphere of 9EI", then under the geodesic flow the 
curve gets asymptotically equidistributed on the unit tangent bun- 
dle of the manifold with respect to the normalized natural Rie- 
mannian measure. 

The proof uses dynamical properties of unipotcnt flows on finite 
volume homogeneous spaces of SO(n, 1). 



1. Introduction 

It is instructive to note the following dynamical property: Let ip : I = 
[0, 1] — s> M" be a C^-curve such that for any proper rational hyperplane, 
say H, in M", the set {s G / : ip{s) G H} has null measure. Let 
= M"/Z", and let vr : ^ denote the quotient map. Then for 
any continuous function / on T", 

(1) hm / f{n{aij{s)))ds= [ f{x)dx, 

where dx denotes the normalized Haar integral on T". Using Fourier 
transforms, we can verify ([1]) for the characters 

fm{x) := exp(27r(m ■ x)), Wx G T", where m G Z". 
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The above observation was used in [8j for iplt) = {cos{2'Kt), sm{27Tt)); 
the unit circle in . Later we learnt that a general result in this direc- 
tion was obtained earlier by B. Randol [10] in response to a question 
raised by D. Sullivan. 

Now we ask a similar question for the hyperbolic spaces. Consider the 
unit ball model for the hyperbolic n-space H" of constant curvature 
(— 1). Let r C SO{n, 1) be a discrete subgroup such that M := M"'/T 
is a hyperbolic manifold of finite Riemannian volume. Let vr : H" M 
be the quotient map. As a special case of a more general result proved 
in [21 S], we have that if we project the invariant probability measure 
on the sphere a§"^^ C -B", for < a < 1, under vr to M, then asymp- 
totically as a ^ 1^, the measure gets equidistributed with respect to 
the normalized measure associated to the Riemannian volume form on 
M. The case of n = 3 was proved earlier in [TOj . 

In this article, we will address the following much more refined prob- 
lem: Instead of the invariant measure on the sphere, we take a smooth 
measure on a one-dimensional curve on S"~^ and describe the limiting 
distribution of the projection of its expands on aS"~^ as a — 1~. 

Theorem 1.1. Let ip : I = [0,1] —>■ be an analytic map. IfiplI) is 
not contained in a proper suhsphere in , then for any f G Cc(M), 



where dx denotes the normalized integral associated to the Riemannian 
volume form on M. 

By a proper suhsphere of C M" we mean the intersection of 
with a proper affine subspace of M". 



Now we describe a generalization of the above phenomenon in a 
suitable geometric framework. Let 9H" denote the ideal boundary of 
H". Let T-'^(EI") denote the unit tangent bundle on H". We identify 
dW with Let 



denote the visual map sending a tangent to the equivalence class of 
the directed geodesies tangent to it. Thus any fiber of the visual map 
is a (weakly) stable leaf of the geodesic flow. Now let M be any n- 
dimensional hyperbolic manifold (with constant curvature (—1) and) 
with finite Riemannian volume, let T^(M) denote the unit tangent 
bundle on M, and let {gt} denote the geodesic flow on T^(M). Let vr : 
— >■ M be a universal covering map, and let Dvr : T^(]HI") — T^(M) 
denote its derivative. 



(2) 




Vis : dW = §^ 
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Theorem 1.2. Let ip : I = [a,b] ^ T^(M) be an analytic curve such 
that Vis('?/'(/)) is not a singleton set, where ip : I ^ T^(]HI") denotes a 
lift of to the covering space; that is, Dn o = tp. Then there exists 
a totally geodesic immersion $ : Mi M of a hyperbolic manifold Mi 
with finite volume such that the following holds: \ff G Cc(T^(M)), 

(3) lim ^ / f{gMs))ds = [ f{{D^){v))dv, 

where \ -\ denotes the Lebesgue measure, and dv denotes the normalized 
integral on T^(Mi) associated to the Riemannian volume form on Mi. 

Moreover if tt' : H™ Mi denotes a locally isometric covering map, 
then there exists an isometric embedding $ : H" such that 

TT o $ = $ o tt' an(i Vis(V^(/)) C 9(<l>(e™)). 

In order to describe the relation between Vis(?/'(/)) and the totaUy 
geodesic immersion $, we will recall the following: 

Theorem 1.3 ([12], [13]). Let M be a hyperbolic manifold with finite 
Riemannian volume. For k > 2, let : ^ M be a totally geodesic 
immersion. Then there exists a totally geodesic immersion $ : Mi 
M of a hyperbolic manifold Mi with finite Riemannian volume such 
that 

) = <l>(Mi) and D^(Ti(ff)) = D$(T^(Mi)). 

□ 

This result can be obtained as a direct consequence of the orbit clo- 
sure theorem for unipotent flows (Raghunathan's conjecture) proved 
by Ratner [12]; more specifically, the fact that the closure of any 
SO(/c, l)-orbit in SO(?t,, l)/r is a closed orbit of a subgroup of the form 
Z ■ SO(m, 1), where Z is a compact subgroup of the centralizer of 
SO(m,l) in SO(n, 1). 

Remark 1.1. Let the notation be as in Theorem O Let §^~^ be the 
smallest dimensional subsphere of dM^ = S"~^ such that Vis{ip{I)) C 
S'^"^. Since Vis(-?/'(J)) is not a singleton set, we have 2 < k < n. 
Therefore there exists an isometric embedding ^ H" such that 
(9EI^ = If {gt} denotes the geodesic flow and d{-,-) denotes the 

distance function on T^(H"'), then 

(4) lim supJ(^tV^(s),T^(tf )) = 0. 

Since vr : H'^ — M is a totally geodesic immersion, by Theorem 11.31 
there exists a totally geodesic immersion $ : Mi — ^ M of a hyperbolic 
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manifold of finite Riemannian volume such that 

(5) $(Mi) = 7r(M'=). 

This describes the map $ as involved in the statement of Theorem 11.21 
Also, by (jll) and ([5]), if d{-, ■) denotes the distance function on M then 

(6) lim sup d{gttp{s),D^iT\Mi))) = 0. 

We have the following consequences. 

Theorem 1.4. Let M be a hyperbolic Riemannian manifold with finite 
volume. Let ip : I ^ M be an analytic map such that Vis{ip{I)) is not 
contained in a proper subsphere in SH", where ip : I T-^(E["') is a lift 
of ip such that D tt o ■?/; = Then given any f G Cc(T"'^(M)), 

)™ T7\ / = / fdv, 

t^oo \1 I J J Jt^{M) 

where dv is the normalized integral on T^{M) associated to the Rie- 
mannian volume form on M . 

Corollary 1.5. Let M be a hyperbolic manifold with finite volume. Let 
X E M and ^/^ : / = [a, 6] — > T-'^^(M) be an analytic map such that 
is not contained in any proper subsphere in T^a.(M). Then 

hm ^ / figMs)) dt= [ f{v) dv, V/ G C,{T\M)), 

t^oo \I\Jj Jti(M) 

where dv is the normalized Riemannian volume integral on T^(M). 

It may be interesting to compare the above result with [16] where 
any rectifiable invariant set for the geodesic flow is shown to be a 
conuU subset of the unit tangent bundle of a closed finite volume totally 
geodesic submanifold. 

1.1. Reformulation in terms of flows on homogeneous spaces. 

Let G = SO(n, 1), and P~ be a minimal parabolic subgroup of G, 
and K = SO(n) be a maximal compact subgroup of G. Then M : = 
p-nK = SO(n - 1). Since G = P~K, 

(7) p-\G = M\K^SO{n-l)\SO{n)^S''-\ 

We let p : G — > denote the quotient map corresponding to ([7j). Let 
A be a maximal connected M-diagonalizable subgroup of G contained 
in Zq{M) n P^ . Since G is of M-rank 1, A is a one-parameter group, 
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and the centralizer of A in G is Zq{A) := MA. Let A^^ denote the 
unipotent radical of P~. Define 

(8) = {a e A: a^ga"^ ^ e as /c ^ oo for any g e N"}, and 

(9) N = {g eG : a'^ga'' ^ e as A; ^ oo for any a e A'^}. 

Let n denote the Lie algebra on N. Then n is abehan, and we identify 
it with R'^"^. Let u : M"~^ — >^ iV be the map u{v) — exp(i>) for any 
V G M**"^ = n. We observe that the map 

(10) S -.W-^ ^S""-^ defined hy S{v)^p{u{v)), 

is the inverse of stereographic projection. 

Let q; : A ^ R* be the character such that au{v)a~^ = u{a{a)v) for 
all V e R""^ Then A+ = {a e A : a{a) > 1}. 

Let r be a lattice in G and /iq be the G-invariant probability measure 
on G/r. 

Theorem 1.6. Let 9 : I — [a,b] ^ G be an analytic map such that 

p(6(I)) is not contained in a subsphere o/§"~^. Then given any f G 
Cc(G/r), any compact set JC C G/T and any e > 0, there exists R> 
such that for any a G A"*" with a{a) > R, 



(11) 



^ [ f{aeit)x))dt- [ fdfiG 
M I J I J G/r 



< e, Vx G /C. 



'G/r 

First we shall consider the following crucial case of the above theo- 
rem. 

Theorem 1.7. Let (p : I = [a,b] ^ R"^^ be an analytic curve such 
that (f{I) is not contained in any sphere or an affine hyperplane. Let 

Xi X be a convergent sequence in G/V, and let {ai\i^^ be a sequence 

in A'^ such that a{ai) oo. Then 

(12) hm ^ / f{aiu{^{t)xi) dt = f f dfio, V/ G Ce(G/r). 

We will deduce the above result from the following general statement, 
which is the main result of this paper. 

Theorem 1.8. Let ip : I ^ R"~^ be a nonconstant analytic map, and 
let X G G/r. Then there exist a closed subgroup H of G, an analytic 
map ^ : / — >• M(= Zg{A) n K) and hi E G such that 7i{H) is closed 
and admits a finite H-invariant measure, say iih, o,nd the following 

holds: For any sequence {oijigf^ C A'^, if a{ai) oo then 

(13) \im ! f{aiu{p>{t))x)dt= ! ([ f{at)hiy)df^H]dt. 
'^'^Ji Jtei \JyeG/r J 
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Moreover A C hiHh^^ , N fl hiHhi^ ^ {e}, and there exists g E G 
such that X = ^{g) and 



Remark 1.2. Suppose we are given a convergent sequence xi ^ x 
in G/r. We consider (fT3l) for Xi in place of x in the statement of 
Theorem II. 8[ Then the hmiting distribution depends on the choice 
of the sequence {oi}. We can still conclude that the analogue of (fT3ll 
holds after passing to a subsequence. 

Acknowledgment. The precise geometric consequences of the equidistribu- 
tion results on homogeneous spaces were formulated during author's visits 
to Elon Lindenstrauss at Princeton University and Hee Oh at Brown Univer- 
sity. The author would like to thank them for their hospitality and support. 
Special thanks are due to the referee for the simplified proof of Theorem 13. II 
given here, and many other useful suggestions. 

2. Non-divergence of translated measures 

Let Lf : I M"~^ be a nonconstant analytic map. Let {aj} C 

be a sequence such that a(aj) '-^ oo. Let Xi x be a convergent 
sequence in G/T. For each z G N, let yUj be the measure on G/T defined 



This section is devoted to the proof of the following: 

Theorem 2.1. Given e > there exists compact set K, d G/T such 
that fii{}C) > 1 — e for all z G N. 

We begin with some notation. Let d = dimA^, g denote the Lie 
algebra of G, and V = A'^q. Let p G A'^n \ {0}. Consider the A*^ Ad- 
action of G on V. 

2.1. (C, a)-good family. Let =^ be the M-span of the coordinate func- 
tions of the map T : / — > End(V") given by T(t) = A'^ Ad{u{(^{t))) for 
all t G /. 

Fix to E I and let S be the smallest subspace of End(V^) such that 
T(/) C S + T(to). Then T(J) C £ + T{t) for all t G /. For any 
t G /, we have St := span{T'^^^(t) : A; > 1} C where T'^^^(t) denotes 
the k-th derivative at t. Since T is an analytic function, we have 
T(/) C T(s) -f- Sg. Therefore S C £s- Hence Sg = S for all s G /. 

Therefore by [H Proposition 3.4], applied to the function t T(t) — 
T(to) from / to £, there exist constants G > and a > such that the 



(14) 



u{^{t))g G N-(:{t)hiH, Vt G /. 



by 



(15) 
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family ^ consists of {C, a) -good functions; that is, for any subinterval 
J d I, i e and r > 0, 

(16) |{«.,/:|««)|<.}|<c(j^^)°M. 

It may be noted that, since / is compact, by the resuh quoted above, 
a priori f|T6l) holds only for subintervals J with \ J\ smaller than a fixed 
constant depending on T and /. Then by a straightforward argument 
using a finite well-overlapping covering of I by short intervals of fixed 
length, and applying the above inequality successively, we can choose 
a much larger C such that flTBl) for all subintervals J <Z I. 

Now we fix a norm ||-|| on V . Then given any e > and r > 0, there 
exists i? > such that for any hi,h2 G G and an interval J G I, one 
of the following holds: 

I) SUPigj||/liM(v?(t))/l2P|| < R- 
11) 

\{teJ: \\hui^it))h2p\\ <r}\<e\{teJ: \\hui^it))h2p\\ < R}\ 

Proposition 2.2 ([1]). There exists a finite set H G G such that FSp 
is a discrete subset of V, and the following holds: Given e > and 
R > 0, there exists a compact set /C C G/T and such that for any 
hi,h2 G G, and a subinterval J G I, one of the following holds: 

1) There exists 7 G F and cr G S such that 
sup\\hiu{ip(t))h2crjp\\ < R. 

11) |t G J : n{hiu{^{t))h2) G /C}| > (1 - e)|J|. 

In the above proposition, (aNa^^) fl F is a cocompact lattice in 
aNa~^ for each a G S. 

Now we will make an observation which will allow us to prove that 
the possibility (1) in the conclusion of the above proposition will not 
hold in the situation of our interest. 

2.2. Basic lemma. Consider a linear representation of SL(2, R) on a 
finite dimensional vector space V. Let a = ^.-i ) for some a > 1, 
and define 

= {v E V : a^'^v — >■ cxo as — »• 00} 

(17) V'^ = {v eV : av = v} 

V = {v e V : a'^v as k ^ 00}. 



8 



NIMISH A. SHAH 



Then any v G V can be uniquely expressed as v = v'^ + + v , 
where G and f° G V^. We also write = V"^ + V^, and 
V^o- = 1^0^ Let g+ : r g° : 1/ ^ 1/°, g+° : \/ ^ 1/+°, 

and : V — V^^ denote the projections q~^{v) = v^, q^{v) = 
q'^^{v) = v^^ := + f °, and ) = := t;*^ + f ~ for all v & V. 
We consider the Euclidean norm on V such that V~^, and are 
orthogonal. 

Lemma 2.3. Let u = [H) for some t 0. Then there exists a 
constant n = K,{t) > such that 

(18) ma.x{\\v+l\\{uv)+^\\} > k\\vI \/v e V. 

Proof. Since it is enough to prove the result for each of the SL(2,M)- 
irreducible subspace of V. Therefore without loss of generality we may 
assume that SL(2,M) acts irreducibly on V. 

Let m = dim V—1. Then m = 2r — 1 or m = 2r for some r G N. Con- 
sider the associated representation of the Lie algebra 5[2(M) on V. Let 
^~(oo)'^~(^-i)' f ~ (i o) denote the standard s[2-triple. 
Then there exists a basis of V consisting of elements Vq, Vi, . . . ,Vm such 
that 

hvk = (m — 2k)vk, and evk = kvk-i, VO < A; < m, 
where V-i = 0. Then 

(19) V^^ = span{t>o, . . . , Vm-r} and = span{t>r, . . . , Vm}- 
Since u = exp(te), we have 

1=0 

Let A denote the restriction of the map u from to with respect 
to the basis {vq, . . . , Vr-i}- Let B denote the matrix of the map g+^ort : 
V'^^ V^^ with respect to the basis given by (IT^ . 

Next we want to show that B is invertible. We write bk,i = ^'^~'(^) 
for r < k < m and < / < m — r. And for any r < mi < m, we 
consider the (mi — r + 1) x (mi — r + l)-matrix 

B{mi,r) = [bk,i) r<fc<mi ■ 

0<l<mi—r 

Then B = B{m,r). In view of the binomial relations 

and &fe+i,;+i — tbk^i+i = bk^u 
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we apply the row operations Rk+i — tRk, successively, in the order 
k = {nil — 1), . . . , 1. We obtain that 

det B{mi, r) = f det B{mi — 1, r). 

Since det B{r,r) = f, we get 

det B = det B{m, r) = f ('""'■+1). 

Since t ^ 0, B is invertible. 

Now 

(20) \\{uvy^\\ = \\Av+ + Bv''-\\. 
Since A is a unipotent matrix, \\A\\ > 1. We put 

(21) K = (l/3)min{l, < (l/3)min{l, \\B-^\\-^}. 
Now to prove (|T8|) it is enough to consider the case when 

(22) llt^+ll < < (l/3)||i;||. 
In particular, 

(23) \\v^~\\ > \\v\\ - \\v+\\ > \\v\\ - (l/3)||t;|| = (2/3)||t;||. 
Then by ([20]), (Ell), ([23]), and ([22]), 

||(nt;)+0|| >\\Bv^-\\-\\Av+\\ 

> \\B-^\\~^\\v'^-\\ - 

>i\\B-T'-mMAmv'^-\\ 

> (l/2)||5-i||-i||wO-|| 

> {l/2)\\B-'\\-\2/3)\\v\\ 

□ 

Corollary 2.4. Let V be a finite dimensional normed linear space. 
Consider a liner representation of G = SO(n, 1) on V, where n > 2. 
Let 

V+ ={veV : a-^v oo, Va G A+} 

(24) V- ={veV : a^v oo, Va G A+] 

Then given a compact set F G N \ {e}, there exists a constant k, > 
such that for any u E F, 

(25) m&x{\\v+\\,\\{uv)+^\\}> k\\v\\, E V. 
In particular, for any a G A'^ , and any u E F , 

max{||af II, llautiH} > K||f ||, Vf G V. 
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Proof. Given any a G and u E F, there exist a continuous homo- 
morphism of SL(2,M) into G such that a is the image of ^.-i ) for 
some a > 1, and u is the image of (o i) for some t 7^ 0. We apply 
Lemma [2.31 to obtain a constant ki > such that (l25ll holds for u. 

Now there exists a compact set Fi C Zg(v4) such that any ni G -F is 
of the form zuz~^ for some z & F^. Also there exists a constant /t2 > 
such that 

Using this fact, we see that fl25|) holds for any ni G F in place of u 
and K := □ 

2.3. Proof of Theorem l2.1L Let ti, t2 E Ihe such that n := u{Lp{t2) — 
vi'^i))^^ 7^ ^- By Corollary 12.41 there exists k > such that 

(26) sup llctit'll, ||ajUf II > ^11^11, Vf G V. 

Let a sequence (7, — G G be such that vr((yfj) = Xj. By Proposi- 
tion [2]2]rSp is discrete in V . Therefore 

Ri := inf{||M((/?(ti)^i7orp|| : 7 G L, a G S} > 0. 

For any 7 G F and cr G S, if we put v = u{ip(ti))gi'jap in (!26|) . then 
have 

(27) sup{||aiu(v3(t))5'i7crp||} > K\\u{Lp{ti))gaap\\ > kRi 

tl,t2 

Now given e > 0, and we obtain a compact set K, d G/T such that the 
conclusion of Proposition 12.21 holds for R = {1/2)kRi. Then by fl27|) . 
for any z G N, the possibility (I) in the conclusion of Proposition 12.21 
does not hold for hi = ai, h2 = Qi- Therefore the possibility (II) of 
Proposition 12.21 must hold for all i. Thus Theorem 12.11 follows. □ 

We obtain the following immediate consequence of Theorem 12.11 

Corollary 2.5. After passing to a subsequence, fii ^ n in the space 
of probability measures on G/T with respect to the weak* -topology; that 
is, 

lim / /d/i, = / /d/i, V/Ga(G/F). 

^-"^ J G/T Jg/V 

3. Invariance under a unipotent flow 

Let / = [a, 6] C M with a <h. Let Lp : I ^ M""^ be a C^-curve such 
that (p{t) 7^ for all t G /, where (p(t) denotes the tangent to the curve 
ip at t. Fix wq G R"^^ \ {0}, and define 

W = {u{tWo) : t G R}. 
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Consider the ZG(^)-action on M.""^^ via the correspondence u{zv) = 
zu{v)z~^ for all v G M"^^. Then Zq{A) = MA acts transitively on 
]R"~^\{0}. Therefore there exists a continuous function z : I ^ Zg(A) 
such that 

(28) z{t)if{t) = Wo, Vt G /. 

Let a sequence {ajjjgN C be such that a{ai) — » oo as i — oo. 
Let Xi ^ X a. convergent sequence in G/T. For each i G N, let Aj be 
the probability measure on G/T such that 

(29) / fdK = ^ / fizit)aMvit))x,) dt, V/ G Ce(G/r). 
JG/r M I Jtei 

Since z(/) is compact, by Theorem 12. 11 there exists a probability mea- 
sure X on G/T such that, after passing to a subsequence, Aj ^ A as 
2 — » oo, in the space of finite measures on G/T with respect to the 
weak* -topology. 

Theorem 3.1. The measure A is W -invariant. 

Proof. We will use the notation rji rj2 to say \rji — rj2\ < e. 

Let / G Cc(G/r) and e > be given. Let be a neighbourhood of 
e in G such that 

(30) fiujy) ^ f{y), G and Vy G G/L. 
Let to e M. Let t G / = [a, b] and i G N. By (l28l) 

(31) M(toWo)2(t)ai = 2(t)aiM(a(ai)"Ho2(t)"^ ■ Wq) = z{t)aiu{^iip(t)), 
where C,i '■= a{ai)^Ho. Since y9 is a C^-map, 

(32) ^{t + ^i)=^{t)+^iif{t) + ei{t), 

where by Taylor's formula, there exists a constant M > such that 

(33) \ei{t)\ < M\^i\^ < (M|to^)a(ai)-^ Vt G [a, 6]. 

As z ^ oo, we have a{ai) — > oo, and hence and a(ai)ej(t) — >■ 0. 
Since 1 1-^ z(t) is continuous, there exists zq G N such that for all i > io, 

(34) z{t + ^i)z{ty^ G n and u{z{t) ■ (a(ai)ei(t))) G fi. 
Therefore 

2:(t + ^i)aiu{ip{t + ^i)) 
= {z{t + ^i)z{t)-^)z{t)aiu{ip{t) + ^i^{t) + ei{t)), by ((321) 

(35) G r]M(z(t) • {aiai)eiit)))zit)ai{ui^it) + ^i^it))) 
C Qh{t)aiu{^i^{t))u{^{t)), by (El 

C l]2y(toWo);z(t)aiu(v9(t)), by §1^. 
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Therefore by 

(36) f{z{t + ^i)aiu{ip{t + ^i)xi) ^ f{u{tQWo)z{t)aiu{ip{t))xi). 
Hence 

taf{z{t)aiu{^{t))xi)dt 

e\I\ ut 

/^''/(^(■5o^i^o)^(^)aiM(v5(t))xi)dt. 
Therefore, since e > is chosen arbitrarily, and — > as z ^ 0, 



(38) / f{u{s,w,)y)d\{y)= / f{y)dX{y). 

'G/r JG/r 



□ 



The above simphfication of the original proof given in larXiv:0708.4093l yl 
is based on referee's suggestions. 

4. Dynamical behaviour of translated trajectories 
near singular sets 

Let the notation be as in the previous section. We will further assume 
that (fi : I ^ ]R"~^ is an analytic function. In this case we will further 
observe that the function z : I ^ Zg(A) such that z{t)ip{t) = Wq for all 
t G / is also an analytic function. Given a convergent sequence — > x 
in G/r, we obtain a sequence of measures {Aj : i G N} on G/T as 
defined by (1291) . Due to Theorem 12. by passing to a subsequence we 
will assume that Aj — > A as i — oo, where A is a probability measure 
on G/r. By Theorem 13.11 A is invariant under the action of the one- 
parameter subgroup W = {u{swo) : s G M}. We would like to describe 
the measure A using the description of ergodic invariant measures for 
unipotent flows on homogeneous spaces due to Ratner fU]. We begin 
with some notation. 

Let denote the collection of analytic subgroups H of G such that 
if n F is a lattice in H, and a unipotent one-parameter subgroup of 
H acts ergodically with respect to the ii-invariant probability measure 
on H/H n r. Then Jif is a countable collection [T31 ITT] . 

For H eJ^, define 

N{H, W) = {geG: g'^Wg C H} and 
S{H, W) = N{F,W). 

FCH 
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Then by P, Lemma 2.4] 

(39) 7r{N{H, W) \ S{H, W)) = n{N{H, W)) \ 7r{S{H, W)). 

Then by Ratner's theorem [11], as explained in |9j, Theorem 2.2]: 

Theorem 4.1 (Ratner). Given the W -invariant probability measure A 
on G/T , there exists H G such that 

(40) \{-k{N{H,W))>Q and A(7r(5(if, W^)) = 0. 

Moreover almost every W-ergodic component of X on tt{N{H, W)) is a 
measure of the form g fin, where g G N{H, W)\S{H, W), hh is a finite 
H -invariant measure on 7c{H) = H/H fl T, and g^H{E) := ^{g^^E) 
for all Borel sets E C G/T. 

For d = dim if, let V = A'^Q, and consider the A*^ Ad-action of G on 
V. Fix pH = A% \ {0}. 

We recall some facts from [9l §3]: For any g G Nq{H), gpn = 
det{Adg\t,)pH- Hence the stabilizer oi ph in G equals 

N},{H) := {g G NdH) : det((Ad^?)|^) = 1}. 

Since, (F n NG{H))7r{H) = 7r{H), we have (F n Ng{H))ph = Ph or 
(F n 'Nq{H))ph = {ph, —Ph}- In the former case we put V = V and 
in the later case we put V = V/{±1}. For any f G ^, we denote by v 
the image of v in V, and define the action of g & G hj g ■ v := gv. We 
define rj{g) = gpn for all g E G. 

Proposition 4.2 ([2]). r/(F) = F ■ pn is a discrete subset ofV. □ 

hei A = {v e V : V Awq = Q e A'^+^g}. Then A is the image of a 
linear subspace of V . We observe that 

(41) N{H,W)=r]-\A). 
Given any compact set P C we define 

Sip) = {ge v'^iV) : r]{g-i) G V for some 7 G F \ ^g{.H)}. 

Proposition 4.3 (P Proposition 3.2]). (1) S{V) C S{H,W) and 
Ti{S{T>)) is closed in G/T. (2) For any compact set /C C G/T \ 
'k{S{T>)), there exists a neighbourhood $ of V in V such that for any 
g E G and 71, 72 G F.- 

(42) ifTT{g) G /C and {vi91i),vi9l2)} C $, then 77(71) = 77(72), 
where $ denotes the closure of $ in V. 
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4.1. (C, a)-good family. Let ^ denote the M-span of all the coordi- 
nate functions of the maps t ^ (A'^ Ad)(z(t)M((y9(t))) from / to GL(\^). 
As explained in §2.11 by ^ Proposition 3.4], the family ^ is '(C, a)- 
good' for some C > and a > 0; that is, for any subinterval J <Z I, 
^ e and r > 0, 

(43) |{(,,n«OI<r}|<c(^;j^)""l4 

Proposition 4.4 (Cf. [2J). Given a compact set C C A and e > 0, 

there exists a compact set V G A containing C such that given any 
neighbourhood ^ofVin V , there exists a neighbourhood of C in V 
contained in $ such that for any h G G, any v G V and any interval 
J d I , one of the following holds: 

1) hz{t)u{(f{t))v G $ for all t e J. 

11) \{te J : hz{t)u{^{t))v e ^}| < e\{t G J : hz{t)u{^{t))v G $}!. 

Proof. The argument in the proof of 0, Proposition 4.2] goes through 
with straightforward changes. Since A is the image of a linear subspace 
of V, one can describe the neighbourhoods of subsets of ^ in via 
linear functionals. Further, one uses the property (H3|) of the functions 
in ^ instead of [2^, Lemma 4.1] in the proof. □ 

4.2. Linear presentation of dynamics in thin neighbourhoods 
of singular sets. Now let G be any compact subset of N{H, W) \ 
S{H,W). Let an e > be given. We apply Proposition 14.41 to C := 
ri{G) C A, and obtain a compact set V C A. By f l5Ul) . since vr(C) is a 
compact subset G/T \ tt{S(V)). We choose a compact set /C C G/T \ 
7r(iS(P)) such that vr(C) is contained in the interior of /C. Then we take 
any neighbourhood $i of D in V. By Proposition 14.31 there exists an 
open neighbourhood $ of P contained in $i such that property (H2l) 
holds. Now we obtain a neighbourhood \E' of C in y such that the 
conclusion of Proposition 14.41 holds. Let 

(44) O := 7T{r]-\^)) n IC. 
Then (9 is a neighbourhood of 7r(C) in G/T. 

Proposition 4.5 (Cf. [9]). For any hi, h2 G G, and for any subinterval 
J G I , one of the following holds: 

a) There exists 7 G P such that r]{hiz{t)u{(f{t))h2'~f) G Vt G J. 

b) \{teJ: 7r{hiz{t)u{ip{t))h2) G 0}\ < (2e)|J|. 

Proof. Suppose that the possibility (a) does not hold for the given J. 
Let ijj{t) := hiz{t)u{ip{t))h2 for all tel. Let 

(45) J* = {teJ: vr(^(t)) G O}. 
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Take any t & J*. By the choice of $ with property ( H2l) . there exists a 
unique Vt G ri(T) such that ip{t)vt G and hence due to (jHj) and (H5l) 
we have ip{t)vt G \[^. Let J(t) be the largest subinterval of J containing 
t such that 

(46) i;{s)vtE'^, \fsEJ{t). 
By (112]) and die]), we have 

(47) Vs = Vt, and hence ip{s)vt = i!{s)vs G Vs G J* n J(t). 

Since the possibihty (a) does not hold for J, by our choice of J{t), we 
have that J(t) contains one of its end-points, say Se, and ip{se)vt ^ $. 
Thus ip{J{t))vt ^ $. Therefore by Proposition 14.41 in view of (jHj) and 
( |47|) . we deduce that 

(48) |J* n J(t)| < e|J(t)|. 

Due to dSD, J{s) = J{t) for all s e J* n J{t). Therefore there exists 
a countable set J* C J* such that 

(49) J* C J it), 

and if ti ^ in J7* then tx J(t2)- 

In particular, if < in J* then J(ti) fl ^(^2) C (^1,^2)- Therefore 
if ti <t2 < ts in JT*, then 

J(ti) n J(t2) n J(t3) = 0. 

Hence 

(50) J2\J(t)\<2U,j,J{t)\. 
Now by (iHD, (j49]) and 

\j*\<ej2\Jit)\<mj\. 

□ 

4.3. Algebraic consequences of positive limit measure on sin- 
gular sets. Let {oj} C A and Xj x be the sequences which are 
involved in the definition of Aj, see (1291) . 

Let V+ = {v e V : a-\ 0}, = {v E V : Av = v}, and 

V = {veV : aiV 0}. Then V = V+®V^®V-. Let g+ : V-^ V+ 
and : V + denote the associated projections. Let V~^, 

and V~ denote the projections of V^, and V~ , on V respectively. 
The sets do not change if we pass to a subsequence of {aj}. 
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We recall that after passing to a subsequence, Aj — > A in the space 
of probability measures on G/F, and by Theorem 13.11 and Theorem 14.11 
there exists H G M' such that 

(51) \{'k{N{H,W)\S{H,W)))>Q. 

The goal of this section is to analyze this condition using Proposi- 
tion 23] and Corollary 12. 41 to obtain its following algebraic consequence. 

Proposition 4.6. Let g E G be such that n{g) = x. Then there exists 
7 G r such that 

(52) r]{z{t)u{^{t))g-i) C V° + F", Vt G /. 

Proof. By (EI]) there exists a compact set C C N{H, W) \ S{H, W) 
such that A(7r(C)) > cq > for some constant cq > 0. We fix < 
e < Co/2, and obtain the compact sets V d A and /C C G/V as in 
§4.21 Next we choose any neighbourhood $i of T) in V , and obtain a 
neighbourhood \1/ of rjiC) as in §4.2[ Let zi G N be such that if we put 
O ■= 7r(r/-i(^)) n/C, then 

(53) \i{0) > Co for all i > ii. 

Since Xi ^ and 7r((7) = x, there exists a convergent sequence 

9i in G such that n(gi) = Xi for all i E N. By fl53l) and fl29|) . 

since z(t) G Zg(^), 

(54) |{tG/:7r(ai2;(t)M(v9(t))(7.) gC}| >Co|/|, > Zi. 

We apply Proposition 14. 5l for hi = ai, h2 = gi, and J = I. Then since 
Co > 2e, by (!54l) . the possibility (b) in the conclusion of Proposition 14.51 
does not hold, and hence possibility (a) of the proposition must hold; 
that is, there exists 7i G F such that 

(55) r]{aiz{t)u{<^{t))gi-fi) G $ C $i, Vi > h. 

We choose a decreasing sequence of neighbourhoods $fc of "D in 
be such that HfcgN = T^, and apply the above argument for each 

in place of $i. We then obtain sequences ik ^—^ cx) in N and {7^} in 
r such that 

ai^z{t)u{^{t))7]{gi^^k) e Vt el,yke N. 

Since {z{t) : t G /} is contained in a compact set, there exists R> 
such that z(/)~^$i is contained in B{R), the ball of radius R centered 
at in Thus 

(56) \\a,M^{t))7]{g,^^,)\\ < R, Vtel. 
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Fix any ti G /. Since (f is a nonconstant function, by Corollary 12.41 
there exists a constant k, > such that 

(57) snp\\q'^^{u{ip{t))v)\\> K\\u{ip{ti))v\\, E V. 
t&i 

For all V E V, define \\v\\ := and let and q~^{v) denote 

the images of q~^^{v) and q^{v) in V, respectively. Let t E I. Then 

\\q^>{vm9^,lkm 

< \Kq^'HvitH9^M))\\ 

< \\ai^u{^{t))7]{gi^jk)\\ 

< R, (by dSSD). 

Therefore by (1571) . 

(58) \\rjig,,^k)\\ < >^-'\\uiy^{h))-% 

Since ri{r) is discrete and gi^, g, due to (l58l) . the set {77(7^) : G N} 
is finite. Therefore by passing to a subsequence, there exists 7 G F such 
that ?7(7fc) = 77(7) for all G N and hence 

(59) 7]{a^^zit)u{ipit))g,^^) E ^k, VA; G N. 

For each k eN, if = q^{r]{z{t)u{ip{t))gi^'y)) E \^+, then by (EHD we 
have limsup;(,_,oo||ajj.w^|| < 00. Since a{aij,) 00, we conclude that 
— > 0. Since (jfj^. — > g, we have 
g+(77(z(t)u((^(t)^7))) = lim q'^{ri{z{t)u{ip{t)gi^-f))) = lim = 0. 

fe^oo fc— >oo 

Therefore follows. □ 

In order to derive group theoretic consequences of condition ( 1521) we 
will need the following observation. 

Lemma 4.7. If 'r]{hi),ri{h2) E (1 A for some hi,h2 E G, then 

A C hiHh^\ NciHf C Zg{H)H, and /la G (M n ZG{W))hiH. 

Also hiHhi^ contains a cocompact normal subgroup containing A 
which is conjugate to SO(m, 1) in G, where 2 < m < n. 

Proof. Since A is connected, A C hj 'NQ{H)hJ^ , j = 1, 2. Let Hi denote 
the Zariski closure of H in G. Then A C hj N},{Hi)hj\ j = 1, 2. If t/i 
denotes the unipotent radical of Hi, then 

(60) Ach,NUUi)h-\ j = l,2. 

Any nontrivial unipotent element of G is contained in a unique maximal 
unipotent subgroup of G. Therefore either hiUihi^ C N or hiUihi^ C 
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(recall ([9])). Therefore in view of ( l60i) . we conclude that Ui = 
{e}. Therefore Ng{Hi) is reductive, and hence Nq^H) = Nq^Hi) is 
reductive. Therefore NG(i/)° = Zg{H)°H C ^g{H)- Since 1^g{H) 
contains nontrivial unipotent elements, its maximal semisimple factor 
contains an R-diagonalizable subgroup. Therefore, since G is of M-rank 
one, Zq{H) is compact. In particular, A C hjHhJ^, j = 1,2. 

Being a reductive subgroup of SO{n, 1) containing a nontrivial unipo- 
tent element, each hjHhJ^ is of the form vMi SO(m, l)f ~^ for some 
V e N (see ([9])), 2 < m < n and Mi C ZG(SO(m, 1)) C K. Note 
that if g~^AWgi C SO(m, 1) for some gi,g2 G G, then there exists 
g' E SO(m, 1), such that {g')~^{gi^awgi)g' = g2^awg2 for all a G A and 
weW. Therefore c/2 e ZG{AW)gig' C (MnZG(W^))^i SO(m, 1). Thus 
in our situation, we conclude that have /12 ^ {M fl ZG(Vr))/ii-ff. □ 

4.4. Algebraic description of A. 

Proposition 4.8. There exist an analytic map ^ : I ^ Zg(M^) H M 
and an element hi E G such that AWhi C hiH and the following 
holds: For any f G Cc(G'/r), we have 

(61) / fdX = ^ [ ( [ fmhy) dMy)) dt. 
JG/r Ml Jtei \Jyen{H) J 

In particular, A is AW -invariant. Moreover 

(62) u((^(/)) C n {P'hiH{g^)-^) = Nn {N' MhiH{g-^)'^). 

Proof. Let the notation be as in the previous section. We start with a 
construction. Since if D F is a lattice in H and 1^g{H)/H is compact, 
we have that (Ng{H) fl r)/(if fl F) is finite. Since ^^(r) is discrete, the 
map p : G/{H nr) ^ [G/T) x V, defined by 

p{h{H nr)) = {7i{h),r]{h)), WheG, 

is a continuous proper map. 

By Proposition 14.61 there exists 7 G F such that 

r]{z{t)u{y,it))gj)cV' + V-, Wtel. 

We put ^{t) := q°{z{t)7]{u{ip{t))g-f)) G V° for all t G /. Then ^ : I ^ 
is an analytic function, and 

(63) C{t)= hm 7]{az{t)uiip{t))g^)eV. 

aeA+ 

Thus 



(64) 
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For each i G N, we define a probability measure Aj on G/{H fl F) 
such that for any / e 0^(^/(1/ n F)), 

/ f'^^^ = Tn I f{aiz{t)u{ip{t))ga{H n F)) dt. 
Jg/{hc\v) M I J I 

Then Aj projects onto Aj under the quotient map pi : G/ (if flF) G/T. 
Let p2 : G/{H nT) he the map defined by p2{h{H n F)) = r/(/i) 
for all h E G. Then due to (1631) . the projected measures (p2)*(Ai) 
on V converge to a probability measure, say u, supported on as 
i oo. Now since p is a proper map, we conclude that, after passing 
to a subsequence, as z — >• cx). A, converges to a probability measure A 
onG/{Hnr) such that 

(65) (Pi)*(^) = ^ and (p2)*(A) = z/. 

Therefore by flMl) and Lemma 14.71 there exists /ii G N{H, W) such 
that 

(66) m e (Zg(W^) n M)r/(/ii), Vt G /. 
Hence 

(67) supp(A) C {Zg{W) n M)hiH/{H f] F). 

Since G is an algebraic group acting linearly on V, the orbit ri{G) 
is open in its closure, and hence locally compact in the relative topol- 
ogy. Now NciHf C Zg{H)H and Zg{H) C h^^Mhi is compact. 
In particular, the quotient map G/H v{G) given by hH i— >■ T]{h), 
for all /i G G, is a proper map with respect to the relative topology 
on 77(G) C V. Therefore due to (|66|1 . there exists an analytic map 
I : / ^ ZciW) n M such that 

(68) lim az{t)u{ip{t))g-fH = i{t)hiH, Vt G /. 

Q:(a)—> 00 

By (!65|) and (1671) A is concentrated on n{N{H,W)). Then almost 
every normalized VT-ergodic component of A is of the form hhipu for 
some h G Zq{W) H M, where /i/f is the ii-invariant probability mea- 
sures on 7^{H). Therefore, since hhipu is A-invariant for each h G M, 
we conclude that A is A-invariant. 

Let fj : G/{H fl F) ^ G/H be the quotient map. Let A = r/*(A) be 
the projection of A on G/H. Then for any / G Cc{G/ H fl F), 

(69) / /dA=/ (f fihhy)dpHiy)] dXihhH). 

JG/iHriT) Jg/H \JyeTT(H) J 
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By ( l68l) . A is the projection of the normahzed Lebesgue measure of 
/ onto ^{I)hiH/H. Thus we obtain a complete description of the 
measure A as in (IMl) . 

Since hiHh'^^ is a reductive subgroup of G containing A, if there 
exist h' E G and h E M such that 

hm ah'ihiH) = h{hiH), 

a(a)— >oo 
aeA+ 

then h' G N~h. Hence by f l68l) . there exists a continuous map n~{t) : 
/ — > such that 

z{t)u{<f{t))g-f e n-(t)e(t)(/iii/), Vt G /. 

Therefore, since AhiH = hiH, we obtain (l62l) . □ 



5. Proofs of results stated in the Introduction 

In order to describe the limiting distributions for the sequence of 
measures /ij as defined in (fTB]) using Proposition 14.81 we make the 
following observation. 

Lemma 5.1. Let {6i : I = [a,b] —>■ G/PjieN be sequence of continuous 

curves, and {ai}^ C be a sequence such that oo. Let 

E <Z I be a finite set, and suppose that for each t E I \ E there 
exists a probability measure \t on G/T such that the map t Xt is 
continuous on I \ E with respect to the weak* -topology on the space of 
probability measures on G/T , and for every closed interval J G I \ E 
with nonempty interior, we have 

lim ^ / fiaMt)) dt= f ( f fdXt] dt. 

Let Zi z from I to P~ , and and Wi w from I to G be uniformly 
convergent sequences of continuous functions. Then 



lim / f{w,{t)aMm{t))dt= / / f{w{t)at)y)dXt{y)]dt, 
'^°°Ji J I yJc/r 

where ({t) G Zg{A) is such that z{t) G N'C(t) for all tel. 
In particular if Xt = fie for all t E I, then 

(70) f f{w,{t)a,Zi{t)di{t))dt= f /d/ic- 



□ 
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Proof of Theorem 11.81 Since (p is analytic and nonconstant, the set 
E := {t E I : ip{t) = 0} is finite. Let J G I \ E he any closed interval 
with nonempty interior. Let gi G 7r~^(x). We consider the discussion of 
§l]for J in place of / and Qi = gi for all i. Then there exist a reductive 
subgroup H G Jif and hi E G and g G giT such that AW C hiRh^^ 
and by ([62]), 

(71) u{^{J)) C n (N-MhiHg-^). 

Without loss of generality we may assume that H is a smallest dimen- 
sional subgroup of Jif such that (ITT!) holds. Also, since ip is an analytic 
function, we have 

(72) u{^{I)) cNf] (N-MhiHg^^). 
Therefore there exists an analytic map ( : I ^ M such that, 

u{ip{t)) G N'C{t)hiHg-\ yt G /, 

and hence 

(73) lim az{t)u{ip{t))gn{H) = z{t)C{t)hi^{H), Vt G /. 

a(a)— ►oo 

Let Aj|j denote the probability measure as defined in fl29|) for J in 

place of /. If there exists a sequence jk -— ^ oo such that A', 
then by (1731) we have 

(74) supp(A') C {z{t)C{t) -.teJ}- hiTT{H) C 7r{N{H, W)). 

Moreover by Theorem 13.11 A' is VT-invariant. According to the discus- 
sion as in §11 we deduce that X'{7!'{S{H,W)) = 0, because otherwise 
fl7T]) would hold for a strictly smaller dimensional subgroup in place of 
H and some g G 7r~^(x). Therefore, by Proposition 14.81 and flTll) . for 

any / G a(G/r), 

/ /dA' = ^ / f / f{z{t)at)hy) dMy)) dt. 
JG/r Ml JteJ \Jyen{H) J 

In particular, the right hand side is independent of the choice of the 
subsequence {jfcj/teN- Therefore due to Corollary 12.51 we conclude that 
for any / G ^(G/r), 

lim„(„)^oo /igj f{az{t)u{ip{t))Tx{g)) dt 

(75) "6^+ . X 

= 4j \Jy^AH) fi4mt)hy) di^Hiy)) dt. 

Let Xt = Zo{t)((t)fiH = z(t)C(t) for all t E I, where Zo(t) G M such 
that z()f:) G Zo(t)A. We apply Lemma ISTT] for 6'i(t) = z(t)'u(v3(t))7r((7). 
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Wi{t) = z{t)-\ and Zi{t) = e for alH G / and i G N. Then follows 
from dZS]). □ 

Proof of Theorem 11.71 Let a sequence Qi ^ g in G he such that 
Xi = Tr{gi)- For J as in the first paragraph of the proof of Theorem II .Sj 
we consider the discussion of §H By Proposition 14.81 exists a reductive 
subgroup H G J^, hi G G, and 7 G F such that AW C hiHh]^^ and 
by dMD 

^i(</^(J))civn(p-/ii/fM"')- 

Therefore by ([7]), ( fTOl) . and the analyticity of ip, 

S{ipii))=piu{^ii)))cpihHr'g-')=PiHih), 

where Hi is the noncompact simple factor of hiHhi^ containing A and 
h2 = hi'y~^g~^ G G. In fact, we can express Hi = ki SO(m, ^ for 
some fci G M and 2 < m < n. Therefore, 

(76) 5(^(/))Cp(SO(m,l)/i3), 

where /i3 = k^^h2. Now ]9(S0(m, 1)) = S™"-*^, and under the map 
p : G ^ S"^^, the right action of on G corresponds to a conformal 
transformation on Therefore by fl76l) . if H ^ G then m < n 

and S{(p{I)) is contained in an m-dimensional affine subspace of M*^"^ 
intersecting Since </?(/) is not contained in an affine hyperplane 

or a sphere in M**"^ and S is the inverse of stereographic projection, 
S{ip{I)) is not contained in a proper subsphere of S"~^. Therefore we 
conclude that H = G. 

For each z G N, we define Aj|j as in fl2^ for J in place of /. Now if 

jk — s> cx) is any sequence in N such that Xjjj Aj in the space of 
probability measures, then by the discussion as in ^ by our choice of 
H as in Theorem 14.11 and since H = G, we have Aj(7r(S'(G, W)) = 0. 
Hence almost all ly-ergodic components of Aj are G-invariant. Thus 
A J = fJ'G- Therefore by Corollary 12.51 we conclude that Ai|j fic as 
i —>■ 00. Now the conclusion of theorem follows from flTOj) of Lemma ISTTl 

□ 

Proof of Theorem 11.61 Suppose that (ITT]) fails to hold for a sequence 
of positive reals Ri 00. Then there exists a sequence {oj} C A'^ such 
that a{ai) > Ri and a sequence {xj} C /C such that 



(77) 



fia,eit)x,))dt- / /dAc 
/ JG/r 



> e, Vi G N. 



Since /C is compact, by passing to a subsequence, we may assume that 
Xi ^ X in G/T. 
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By Bruhat decomposition, G = P^N U P^ko, where ko E K such 
that k^akQ^ = for all a E A. Also the map P^ x N ^ G ^ {P^k^} 
given by P~ x N 3 {b,u) ^ hu is an invertible analytic map. Since 
p{6{I)) is not a singleton set, and 6 is analytic, the set {t E I : 9(t) G 
P~fco} is finite. As noted earlier, it is enough to prove the result for all 
closed subintervals of / with nonempty interiors and not intersecting 
this finite set. Hence without loss of generality we may assume that 
6{t) P~kQ for all t E I. Thus we obtain analytic maps (f : I —* M"~^ 
and ( : I P~ such that 

(78) 9{t)=atMvit)), VtG/. 

Then by ^ and ([10]), S{(f{I)) = p{9{I)). By our assumption, p{e{I)) 
is not contained in any hyperplane of intersecting S"~^. Therefore, 
since 5" is the inverse of stereographic projection, ip{I) is not contained 
in any hyperplane or a sphere of M"~^. Therefore by Theorem 11.71 for 
any subinterval J C / with nonempty interior, 

(79) 1™ TTT / f{.a^u{Lp{t))xi)dt= [ f d/ic, 

l-J] Jj Jg/t 

Now by Lemma [5.11 

(80) \im^ f f{aiC{t)u{^{t))xi)At= I /d/ic- 

Now ([78]) and ([80]) contradict ([77]). □ 

Proof of Theorem [Ha Let G = SO{n, 1), K = SO(n), and let P" 
be a maximal parabolic subgroup of G such that P~ r\K = SO(n — 1). 
Let A the maximal M-diagonalizable subgroup of G centralizing P~nK. 
Then A C P^. Now G admits a transitive right action on T^(H") via 
isometries. We fix xq E H" such that K = StabG'(5;o), and we fix 
Vo E 5*50 (H") such that 

Ko := StabKivo) = Zg(A) HK = SO{n - 1). 

Thus T\ir) = Ko \G and S^.ilT) = Kq \K. The under this isomor- 
phism, the geodesic fiow {gt} on T^(EI'^) corresponds to the action of 
{at} = A on Ko \G by left multiplications, where a{at) = e'^* for all 
t G M and some r > 0. 

There exists a discrete subgroup F of G such that tt : H" M 
factors through H^/F and M = E["/F as isometric Riemannian mani- 
folds. Hence T^(M) = Ko \G/F, and the geodesic fiow {gt} on T^{M) 
corresponds to the left action of {at} on Kq \G/T. 

There exists an analytic map 6 : I ^ G such that 

ij{t) = DTT{voe{t)), VtGP 
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As in the proof of Theorem 11.61 let : / — ^ be the map such that 
fl75]) holds; that is, e{t) C P-u{<^{t)) for all t e I. Then by Theorem O 
for X = eF G G/T , there exist H e Jif, hi G G, and 7 G F such that 
Ahi C /iiff and by ([HD, C P-hiHj-\ Therefore 

(81) e{t) C P-U{ip{t)) C P'hi^-^ = KoN-hiH-f-\ Vt G /. 
Therefore, since 7r(t>o-K'o5'F) = n{vog), we have 

TT{voe{t)) C n{voN~hiH), A C /ii^T/i^^ and AT n ^ {e}. 

Therefore there exists ki G Kg such that 

Kq kihiHh^^k^^ = Kq SO(m, 1), where 2 < m < n. 

Now foSO(m, 1) = T^(H™'), where is isometrically embedded in 
H". Since HT/T is a closed subset of G/F, 

irivohH) = 7r{vo SO(m, l)A;i/ii) = 7r(T^(H™)/i2), 

is a closed subset of M, where /i2 = kihi G G. Therefore Kq /ii-ff/ (i? H 
F) corresponds the embedding of D$(T^(Mi)) in T^(M) which is the 
derivative of a totally geodesic immersion $ of a hyperbolic manifold 
Ml in M (see [T3l §2] for the details). It may also be noted that 
the projection of /iiif/i^^-invariant probability measure, say /ii, on 
hiH/{H n F) onto Ko\G/F = M, say /ii, is same as the projection 
under D $ of the normalized measure on T^(Mi) associated to the 
Riemannian volume form on Mi. 

By ( |T3i) of Theorem 11.81 for any subinterval J of I with nonempty 
interior and any / G Cc(Ko \G/F), we have 

(82) hm^ / fiKoaM^is))T)ds= [ f{y)dMy)- 

t^oo \ J\ Jj JKohiHT/r 

Recall that 9{s) G P~u{ip{s)) for all s G /, and /2i is ZG(A)-invariant 
with respect to the left action. Therefore by Lemma 15.11 

(83) hm ^ [ f{Koat9{s)T)ds = [ f{y)dfii{y). 

Now in view of the relation between the closed hiHh^^-oihits with 
totally geodesic immersions of finite volume hyperbolic manifolds as 
described above, (183!) implies ([3]). □ 

Proof of Corollary 11.51 Let x G H" such that x = 7i(x). We can 
identify T^x{M), the unit tangent sphere at x, with T-'^i(EI"), which 
in turn identifies with the ideal boundary sphere dM."-' via the visual 
map. Since all these identifications are conformal, we conclude that 
Vis(^(/)) is not contained in any proper subsphere of dM^. Therefore 
in terms of the notation in Remark II. H S'^^^ = dM^, and we conclude 
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that Ml = M and $ is the identity map. Now the conclusion follows 
from Theorem ll.6[ □ 



Proof of Theorem II. 4L The proof is similar to the proof of Corol- 
lary O □ 

Proof of Theorem 11.11 We identify §"^^ with a hyperbolic sphere 
of radius 1 centered at in (in the unit Ball i?"-model), say S", and 
treat ij) a.s a. map from I to S. For any s E I, let Vg G T^^(^-)(EI") be the 
unit vector normal to S which is also a tangent to the directed geodesic 
from to ip{s). We define an analytic curve ip : I T^{M) by 

^{s) = {'k{^{s)),D'k{v,)), \/seI. 

Therefore the condition of Theorem 11.41 is satisfied, because 

Vis{^{s)) = Vis{{^{s),Vs)) = ^(s), Vs e I, 

and hence Vis(^/'(s)) is not contained in a proper subsphere of dW^. 

For any a > 0, n{aip{s)) = gt{a)T^{ip{s)) for some t{a) > such that 
t{a) — + oo as a ^ 1^. Therefore ([2]) follows from Theorem ll.4[ □ 

5.1. A stronger version. 

Theorem 5.2. Let G = SO(n, 1) and F a lattice in G. Let 6:1 = 

[a, b] G, where a < b, be an analytic map such that for any minimal 
parabolic subgroup P~ of G, the image of ip{I) in P~\G = S"~^ is 
not contained in any proper subsphere of E>"'^^ . Then given any f G 
Cc(G/F), a compact set K, G G and an e > 0, there exists a compact 
set C d G such that 



1 



f{ge{t)x)At 



fdX 



G 



G/r 



< e, 



Vx G /C and \/g e G ^C. 



A proof of the above generalization of Theorem 11.61 can be given by 
similar arguments. The analogue of §4.3l is a little more delicate in this 
case. We do not include the proof here in order to have simpler proofs 
for all other results. 



6. Scope for generalization and applications 

The results of this article lead to obvious similar questions about 
expanding translates of (C, a)-good curves on horospherical subgroups 
of general semisimple Lie groups. Especially the affirmative answer 
to the following question has interesting applications to problems in 
Diophantine approximation [6|,[7j: 
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Question 6.1. Let G = SL(n + 1, M), F = SL(ri+ 1, Z), and fic denote 
the G-invariant probability measure on G/T. Let 

u{v) = (o , Vt; G M", and a{t) = diag(e"*, e"*, . . . , e"*), Vt G M. 

Let (y9 : [0, 1] M" 6e an analytic (or a {C, a)-good) curve such that its 
image is not contained in any proper affine hyperplane in M". Then is 
it true that for any x E G/T and any f G Cc(G'/r), 

(84) lim / f{a{t)u{v{s))x)ds= [ /d/ic? 

Jo J G/T 

The main result of [6] provides a very good estimate on the rate of 
nondivergence of this translated measure. The method of this article 
is applicable to show that, after a suitable modification of the curve by 
elements form the centralizer of {a(t)}, the limiting measure is invariant 
under a unipotent one-parameter subgroup of the form {u{swo)} for 
some Wq G M" \ {0}. Also the method to study behaviour of expanded 
trajectories near the singular sets is applicable here. Obtaining an 
analogue of Lemma 12.31 in order to derive algebraic consequences of 
Proposition 14.51 is the main difficulty in this problem. 

Since the initial submission of this article, the author [15j has an- 
swered Question 16.11 in affirmation for analytic curves. 

In another direction, it is still an open question to prove the exact 
analogue of Theorem 11.41 for the actions of SO(n, 1) on homogeneous 
spaces of larger Lie group G containing SO(n, 1); see 

References 

[1] S. G. Dani. On orbits of unipotent flows on homogeneous spaces. Ergodic The- 
ory Dynamical Systems^ 4(l):25-34, 1984. 

[2] S. G. Dani and G. A. Margulis. Limit distributions of orbits of unipotent flows 
and values of quadratic forms. In /. M. Gelfand Seminar, pages 91-137. Amer. 
Math. Soc., Providence, RI, 1993. 

[3] W. Duke, Z. Rudnick, and P. Sarnak. Density of integer points on afhnc ho- 
mogeneous varieties. Duke Math. J., 71(1):143-179, 1993. 

[4] Alex Eskin and Curt McMuUen. Mixing, counting, and equidistribution in Lie 
groups. Duke Math. J., 71(l):181-209, 1993. 

[5] Alexander Gorodnik. Open problems in dynamics and related fields. J. Mod. 
Dyn., l(l):l-35, 2007. 

[6] D. Y. Kleinbock and G. A. Margulis. Flows on homogeneous spaces and Dio- 
phantine approximation on manifolds. Ann. of Math. (2), 148(l):339-360, 
1998. 

[7] Dmitry Kleinbock and Barak Weiss. Dirichlet's theorem on Diophantine ap- 
proximation and homogeneous flows. J. Mod. Dyn. 2(l):43-62, 2008. 

[8] Elon Lindenstrauss and Klaus Schmidt. Invariant sets and measures of nonex- 
pansive group automorphisms. Israel J. Math., 144:29-60, 2004. 



LIMITING DISTRIBUTIONS OF CURVES UNDER GEODESIC FLOW 27 



[9] Shahar Mozes and Nimish Shah. On the space of ergodic invariant measures 
of unipotent flows. Ergodic Theory Dynam. Systems, 15(1):149-159, 1995. 

[10] Burton Randol. The behavior under projection of dilating sets in a covering 
space. Trans. Amer. Math. Soc., 285(2):855-859, 1984. 

[11] Marina Ratner. On Raghunathan's measure conjecture. Ann. of Math. (2), 
134(3):545-607, 1991. 

[12] Marina Ratner. Raghunathan's topological conjecture and distributions of 
unipotent flows. Duke Math. J., 63(l):235-280, 1991. 

[13] Nimish A. Shah. Closures of totally geodesic immersions in manifolds of con- 
stant negative curvature. In Group theory from a geometrical viewpoint (Tri- 
este, 1990), pages 718-732. World Sci. Publishing, River Edge, NJ, 1991. 

[14] Nimish A. Shah. Uniformly distributed orbits of certain flows on homogeneous 
spaces. Math. Ann., 289(2):315-334, 1991. 

[15] Nimish A. Shah. Equidistribution of expanding translates of curves and Dirich- 
let's theorem on Diophantine approximation. 26 pages. 'arXiv:0802.3278vl 

[16] A. Zeghib. Sur une notion d'autonomie de systemes dynamiques, appliquee aux 
ensembles invariants des flots d'Anosov algebriques. Ergodic Theory Dynam. 
Systems, 15(l):175-207, 1995. 

Tata Institute of Fundamental Research, Mumbai 400005, INDIA 
E-mail address: nimish@math.tifr. res . in 



